Generalized squeezed states for the Jacobi group by Berceanu, S.
ar
X
iv
:0
81
2.
07
17
v1
  [
ma
th.
DG
]  
3 D
ec
 20
08
GENERALIZED SQUEEZED STATES FOR THE JACOBI GROUP
STEFAN BERCEANU
Abstract. We analyze the relationship between the covering of the Jacobi group
and the squeezed states. We attach some nonclassical states to the Jacobi group. The
matrix elements of the Jacobi group are presented.
1. Introduction
The Jacobi group [1] – the semidirect product of the Heisenberg-Weyl group and
the symplectic group – is an important object in the framework of Quantum Mechan-
ics, Geometric Quantization, Optics [2, 3, 4, 5, 6, 7, 8, 9]. The Jacobi group was
investigated by physicists under other various names, as “Schro¨dinger group” [10] or
“Weyl-symplectic group” [9]. The squeezed states [2, 3, 4, 5] in Quantum Optics repre-
sent a physical realization of the coherent states associated to the Jacobi group. Here
we continue the investigation of the Jacobi group started in [11, 12] using Perelomov
coherent states [13].
In [11] we have constructed generalized coherent states attached to the Jacobi group,
GJ1 = H1 ⋊ SU(1, 1), based on the homogeneous Ka¨hler manifold D
J
1 = H1/R ×
SU(1, 1)/U(1) = C1 × D1. Here D1 denotes the unit disk D1 = {w ∈ C||w| < 1},
and Hn is the (2n+1)-dimensional real Heisenberg-Weyl (HW) group with Lie algebra
hn. In [11] we have also emphasized the connection of our results with those of Berndt
and Schmidt [14] and Ka¨hler [15]. In [12] we have considered coherent states attached
to the Jacobi group GJn = Hn ⋊ Sp(2n,R), defined on the manifold D
J
n = C
n × Dn,
where Dn is the Siegel ball.
In the present note we underline the connection between the squeezed states in Quan-
tum Optics and the covering of the Jacobi group. In [11] we have considered the action
of the Jacobi group on the minimal weight vector e0 = ϕ0 ⊗ φk0, where ϕ0 is the vac-
uum vector (aϕ0 = 0), while φk0 is the minimal weight vector of the positive discrete
series representation of the group SU(1, 1). The standard squeezed states correspond
to e0 = ϕ0 [2]. In the present paper we also give the matrix elements of the Jacobi
group acting on ϕn ⊗ φkm (generalized coherent states attached to the Jacobi group),
where ϕn is n-particle (Fock) F vector, while φkm is a normalized vector obtained by
the action of (K+)
m on φk0, k ≥ 0, where K+ is the rising generator for the group
SU(1, 1). More details about this calculation are given elsewhere [16]. Many particular
realizations of the generalized squeezed state for the Jacobi group are known. We recall
that the coherent states have been introduced by Schro¨dinger [17], the squeezed states
by Kennard [18] and rediscovered later [2, 3, 4, 5], the displaced squeezed number states
by Husimi and Senitzky [19, 20], the squeezed number states by Plebanski [21].
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In the present note we follow the notation and convention of [11]. If π is a represen-
tation of a Lie group G with Lie algebra g, then we denote X = dπ(X), X ∈ g.
2. The Jacobi group and its algebra
The Jacobi algebra is defined as the the semi-direct sum of the Lie algebra h1 of the
Heisenberg-Weyl Lie group and the algebra of the group SU(1, 1), gJ1 = h1 ⋊ su(1, 1).
The Heisenberg-Weyl ideal h1 =< is1 + xa
† − x¯a >s∈R,x∈C is determined by the
commutation relations
(1)
[a,K+] = a
† ;
[
K−, a
†
]
= a;
[
K+, a
†
]
= [K−, a] = 0;
[
K0, a
†
]
=
1
2
a†; [K0, a] = −1
2
a,
where a† (a) are the boson creation (respectively, annihilation) operators, which verify
the canonical commutation relations [a, a†] = I, [a, I] = [a†, I] = 0, and K0,+,− are the
generators of SU(1, 1) which satisfy the commutation relations:
(2) [K0, K±] = ±K± , [K−, K+] = 2K0 .
We take a representation of GJ1 (cf. [11] and (9)-(11) and Proposition 1 reproduced
below) such that the cyclic vector e0 fulfills simultaneously the conditions
(3) ae0 = 0, K−e0 = 0, K0e0 = ke0; k > 0,
and we take e0 = ϕ0⊗ φk0. We consider for Sp(2,R) ≈ SU(1, 1) the unitary irreducible
positive discrete series representation D+k with Casimir operator C = K
2
0 −K21 −K22 =
k(k − 1), where k is the Bargmann index for D+k . The orthonormal canonical basis of
the representation space of SU(1, 1) consists of the vectors
(4) φkm =
[
Γ(2k)
m!Γ(2k +m)
]1/2
(K+)
m φk0 , m ∈ Z+.
Also, in the Fock space F, we have
aϕn =
√
nϕn−1; a
†ϕn =
√
n+ 1ϕn+1, ϕn = (n!)
− 1
2 (a†)nϕ0; < ϕn′, ϕn >= δnn′.
Perelomov coherent state vectors associated to the group Jacobi GJ1 , based on the
manifold DJ1 , are defined as
(5) ez,w = e
za†+wK+e0, z, w ∈ C, |w| < 1.
We introduce the auxiliary operators
(6) K+ =
1
2
(a†)2 +K′+, K− =
1
2
a2 +K′−, K0 =
1
2
(a†a+
1
2
) +K′0,
which have the properties
(7) K′−e0 = 0, K
′
0e0 = k
′e0; k = k
′ +
1
4
,
(8) [K′σ, a] =
[
K′σ, a
†
]
= 0, σ = ±, 0; [K′0,K′±] = ±K′±; [K′−,K′+] = 2K′0.
The meaning of the splitting (6) is explained in Theorem 2.6.1 from [14], while the
physical consequences of this splitting are briefly discussed in §4. More details are
given elsewhere [16]. The positive discrete series corresponds in (7) to 2k′ =integer.
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We introduce the displacement operator
(9) D(α) = exp(αa† − α¯a) = exp(−1
2
|α|2) exp(αa†) exp(−α¯a),
and the unitary squeezed operator of theDk+ representation of the group SU(1, 1), S(z) =
S(w) (w = z
|z|
tanh (|z|), η = ln(1− |w|2)):
S(z) = exp(zK+ − z¯K−), z ∈ C;(10a)
S(w) = exp(wK+) exp(ηK0) exp(−w¯K−), |w| < 1.(10b)
We introduce also [11] the generalized squeezed coherent state vector
(11) Ψα,w = D(α)S(w)e0, e0 = ϕ0 ⊗ φk0.
We recall some properties of the coherent states associated to the group GJ1 , proved
in [11]:
Proposition 1. The generalized squeezed coherent state vector (11) and Perelomov
coherent state vector (5) are related by the relation
(12) Ψα,w = (1− ww¯)k exp(− α¯
2
z)ez,w,where z = α− wα¯.
Perelomov coherent state vector (5) was calculated in [11] as
(13) ez,w = E(z, w)ϕ0 ⊗ ewK′+φk0,
(14) E(z, w)ϕ0 = e
za†+w
2
(a†)2ϕ0 =
∞∑
n=0
Pn(z, w)
(n!)1/2
ϕn,
(15) Pn(z, w) = n!
[n
2
]∑
p=0
(
w
2
)p
zn−2p
p!(n− 2p)! .
The base of functions fnks(α,w) =< eα¯,w¯, ϕn⊗φks >, where k = k′+1/4, 2k′ =integer,
n, s = 0, 1, · · · , in which the Bergman kernel (22) can be expanded, is:
(16) fnks(α,w) = fk′s(w)
Pn(α,w)√
n!
, fls(w) =
√
Γ(s+ 2l)
s!Γ(2l)
ws, |w| < 1.
The composition law in the Jacobi group GJ1 = HW ⋊ SU(1, 1) is
(17) (g1, α1, t1) ◦ (g2, α2, t2) = (g1 ◦ g2, g−12 · α1 + α2, t1 + t2 + Im(g−12 · α1α¯2)),
where g−1 · α = a¯α− bα¯, and g ∈ SU(1, 1) is parametrized as
(18) g =
(
a b
b¯ a¯
)
, |a|2 − |b|2 = 1,
Let h = (g, α) ∈ GJ1 , π(h)k = T (g)kD(α), g ∈ SU(1, 1), α ∈ C, and let x = (z, w) ∈
DJ1 = C×D1. Then we have the formula:
(19) π(h)k · ez,w = (a¯+ b¯w)−2k exp(−λ1)ez1,w1,
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(20) λ1 =
b¯(z + z0)
2
2(a¯+ b¯w)
+ α¯(z +
z0
2
), z0 = α− α¯w,
(21) z1 =
α− α¯w + z
b¯w + a¯
; w1 =
aw + b
b¯w + a¯
.
The space of functions HK attached to the reproducing kernel
(22) K = (1− ww¯)−2k exp 2zz¯ + z
2w¯ + z¯2w
2(1− ww¯) ,
consists of square integrable functions with respect to the scalar product
(23) (f, g)k =
4k − 3
2π2
∫
α∈C;|w|<1
f¯(α,w)g(α,w)
(1− |w|2)3K(w, w¯)d
2αd2w.
3. The covering of SU(1, 1)
If in (19) we take α = 0, then T (g)kew = (a¯ + b¯w)
−2kew1, which corresponds to the
positive discrete series representation of SU(1, 1) [22]
(24) [T (g)k]f(z) = (a¯ + b¯z)
−2kf(
az + b
b¯z + a¯
), g =
(
a b
b¯ a¯
)
∈ SU(1, 1),
for the Hilbert space H2,k(D1), 2k = integer, of holomorphic functions on D1 with
respect to the scalar product [22]
(25) (f, g)k =
2k − 1
π
∫
|w|<1
f¯(w)g(w)(1− |w|2)2k−2d2w.
If in (19) we put w = 0, we get D(α)ez = e
− |α|
2
2
−zα¯ez+α, which corresponds to the
Segal-Bargmann-Fock representation of the Heisenberg group (see e.g. (1.71) in [23]).
(19) corresponds to the continuous unitary representation (πk,HK) of G
J
1
(26) (π(h)k · f)(x) = (a¯+ b¯w)−2k exp(−λ1)f(x1), f ∈ HK ,
identified in [11] with the result established in [1, 14].
The functions fnl in (16) form an orthonormal base in H2,k(D1), k > 1/2, and if
f =
∑∞
n=0 anz
n, g =
∑∞
n=0 bnz
n, |z| < 1, then
(27) (f, g)k =
∞∑
n=0
Γ(2k)Γ(n+ 1)
Γ(2k + n)
a¯nbn.
The representations of the group ˜SU(1, 1) have been considered in [24, 25, 26, 27].
For the universal covering group of SU(1, 1), we use a class of Hilbert spaces indexed
by a parameter k ∈ R, 0 < |k| < 1/2 (cf. Sally [25, 26]).
Let now H2,k(D1) be the Hilbert space of functions f(z) =
∑∞
n=0 anz
n holomorphic
in D1 with norm
||f ||2k =
∞∑
n=0
Γ(2k)Γ(n+ 1)
Γ(2k + n)
|an|2 <∞.
GENERALIZED SQUEEZED STATES FOR THE JACOBI GROUP 5
According to Bargmann ((4.3) in [22]), starting from the matrix g ∈ SU(1, 1) parame-
trized by (18), an element g˜ of the covering group ˜SU(1, 1) is parametrized by (γ, w) ∈
R×D1 via the relations
(28) a = eiω(1− |γ|2)−1/2, b = eiωγ(1− |γ|2)−1/2, |γ| < 1,
and we have ω ∈ (−π/2, π/2], ω ∈ (−π, π], ω ∈ R, for, respectively, SO↑(1, 2),
Sp(1,R) ≈ SU(1, 1), ˜SU(1, 1).
Remark 1. The representation (29) of ˜SU(1, 1) is a continuous, irreducible unitary
representation with respect with the scalar product (27)
(29) [T (g˜)kf ](z) = e
2ikω(1− |γ|2)k(1 + γ¯z)−2kf(az + b
b¯z + a¯
), k ∈ R, 0 < k < 1/2.
Proof. Lemma (1.3.1) and Theorems (2.5.2), (2.5.3) in the reference [25] are used.
Here we verify just that (T (g)kf1, f2)k = (f1, T (g
−1)kf2)k, for g ∈ SU(1, 1) and f1,2
from the orthonormal set (16). We take f1 = aknz
n, f2 = akNz
N , where a2kn =
Γ(n+2k)
n!Γ(2k)
.
Then T (g)kf1 = Akn(1 − x)−q(1 + y)n, where Akn = akn(a¯)−2k−nbn, x = −λz, y = zλ ,
λ = b
a
, q = 2k + n, and g ∈ SU(1, 1) is the matrix (18). Then
(T (g)kf1, f2)k = A¯knakN(
∞∑
m=0
bqmx
m
n∑
p=0
Cnp y
p, zN )k,
where bqm =
Γ(q+m)
m!Γ(q)
and Cnk =
n!
k!(n−k)!
. With the orthogonality of the system (16), we
get
(T (g)kf1, f2)k =
A¯kn
akN
∞∑
m=0
(−λ)mbqm
n∑
p=0
Cnp λ¯
−pδm+p,N .
Similarly, we have (Q = 2k +N)
(f1, T (g
−1)kf2)k =
akN
akn
a−Q(−b)N
∞∑
M=0
bQM(
b¯
a
)M
N∑
p=0
CNp (−
a¯
b
)pδn,p+M .
So, we have (we take N − n ≥ 0)
(T (g)kf1, f2)k =
akn
akN
a−qa¯N b¯n−N
N∑
m=N−n
bqmC
n
N−m(−|b/a|)2m,
(f1, T (g
−1)kf2) =
akN
akn
a−Q(−b)N (− a¯
b
)n
n∑
M=0
bQMC
N
n−M(−|b/a|)2M .
With the change of variables m − (N − n) = M , it is easy to check that the last two
expressions are identical.
Remark 2. It can be checked out that the differential operators K− =
∂
∂z
, K0 = k +
z ∂
∂z
, K+ = 2kz + z
2 ∂
∂z
corresponding to the generators of SU(1, 1) have the adequate
hermitian conjugate properties with respect to the scalar product (·, ·)k (27), k > 0.
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4. Squeezed states and Jacobi group
The standard squeezed states [2, 3, 4, 5] correspond to the action of Jacobi group
on the extremal weight vector e0 = ϕ0. This corresponds to take zero the action of
K′ in the splitting (6). This is the group which admits the so called Schro¨dinger-
Weil representation πmSW with character ψ
m(x) = e2πimx, m ∈ R, considered in the
mentioned Theorem 2.6.1 in [14], where x is in the center of the Heisenberg-Weyl
algebra. The part of the representation corresponding to the covering group G˜J1 is
called “Weil representation” at p. 23 in [14].
We see that we have K0ϕ2p = (p +
1
4
)ϕ2p, K0ϕ2p+1 = (p +
3
4
)ϕ2p+1, and irreducible
representations with k = 1
4
, k = 3
4
of the covering group ˜SU(1, 1) must be considered.
The vacuum squeezed state contains only even Fock states.
So, dealing with squeezed states, we have to consider the covering of the Jacobi group
GJ1 , G˜
J
1 = HW ⋊
˜SU(1, 1).
The orthonormal basis of HK for G
J
1 in the realization K+ =
1
2
(a†)2 in the splitting
(6), where the reproducing kernel K is given by (22) with k = 1/4, consists of polyno-
mials (n!)−1/2Pn, n = 0, 1, · · · . Instead of the formula (19) for GJ1 (2k′ = integer), we
get for G˜J1 (k
′ > 0) the formula
(30) π(h˜)k · ez,w = e2ikω(1− |γ|2)k(1 + γ¯w)−2k exp(−λ1)ez1,w1.
5. Matrix elements for the Jacobi group
Now we briefly present the main steps in the calculation of the matrix elements of
GJ1 with respect to the considered representation:
(31) 〈ϕn′ ⊗ φkm′|D(α)S (w) |ϕn ⊗ φkm〉 .
More details are given elsewhere [16].
Firstly, we re-obtain the matrix elements of the Heisenberg-Weyl group [28, 29]:
(32) 〈ϕm|D(α) |ϕn〉 =
√
n!
m!
αm−nLm−nn (|α|2) exp
(− |α|2 /2) , m ≥ n ,
where m, n are non-negative integers and Lsn are the associated Laguerre polynomials.
Next we calculate the matrix elements S(w)km′m = 〈φkm′ |S (w) |φkm〉. We use the
relations:
K0φkm = (k +m)φkm,(33a)
K+φkm = [(m+ 1)(m+ 2k)]
1/2 φkm+1 ,(33b)
K−φkm = [m(m+ 2k − 1)]1/2 φkm−1 , m > 0, m ∈ Z+.(33c)
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We introduce (33c) in the expression of S(w) and we get
exp (−w¯K−)φkm =
m∑
p=0
(−w¯)p
p!
K
p
−φkm(34)
=
m∑
p=0
[
m!
(m− p)!
Γ(2k +m)
Γ(2k +m− p)
]1/2
(−w¯)p
p!
φkm−p.
Then we apply successively (33a) and (33b) and we have ( m′ ≥ m):
S(w)km′m =
[
m′!Γ(2k +m′)
m!Γ(2k +m)
]1/2
wm
′−m
(m′ −m)! (1− ww¯)
k+m(35)
× F
(
−m, 1− 2k −m;m′ −m+ 1; −ww¯
1− ww¯
)
.
The matrix elements of the group SU(1, 1) for the discrete series representations have
been calculated in [22], and the case corresponding to the ˜SU(1, 1) for k = 1/4, 3/4 in
[30].
Using Kummer’s formula F
(
a, b; c; z
z−1
)
= (1− z)a F (a, c − b; c; z), we put (35) in
the form
(36) S(w)km′m=
[
m′!Γ(2k +m′)
m!Γ(2k +m)
] 1
2 wm
′−m (1−ww¯)k
(m′ −m)! F
(−m,2k+m′;m′−m+1;|w|2)
for m′ ≥ m, while for m ≥ m′, we have Skm′m(w) = Skmm′(−w¯).
Now we calculate the matrix elements (31). Starting from the splitting (6), we
introduce the auxiliary operator
S (w,w′) = exp
[w
2
(a†)2
]
exp
[
η
2
(a†a+
1
2
)
]
exp
(
−w¯
2
a2
)
(37)
⊗ exp (w′K ′+) exp (η′K ′0) exp (−w′K ′−) ,
η = ln (1− ww¯) , η′ = ln (1− w′w′) .
The matrix elements Skm′m(w) are given by (35), (36). (35) is a particular case of
formula (10.28) in [22]. Moreover, the formula (10.28) in [22] can be re-obtained from
our (35) using the relation
(38) T (g)kφkm =
(
a
|a|
)2(k+m)
S
(
b
a¯
)
φkm, g =
(
a b
b¯ a¯
)
∈ SU(1, 1).
Using the identification ϕ2n+ǫ ↔ φ1/4+ǫ/2;n, (ǫ = 0 or 1), the matrix elements (31) of
the Jacobi group GJ1 are obtained taking w = w
′ in formula (39):
〈ϕn′ ⊗ φkm′ |D(α)S (w,w′) |ϕ2s+ε ⊗ φkm〉 = Skm′m(w′)(39)
×
∑
s′≥0
〈ϕn′ |D(α) |ϕ2s′+ε〉S1/4+ε/2 s′s(w).
The matrix elements π(h) are obtained from (39) taking into account (38).
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